Abstract. In a previous paper we introduced the notion of a D-Lie algebrã L. A D-Lie algebraL is an A/k-Lie-Rinehart algebra with a right A-module structure and a canonical central element D satisfying several conditions. We used this notion to define the universal enveloping algebra of the category of L-connections and to define the cohomology and homology of an arbitrary connection. In this note we introduce the canonical quotient L of a D-Lie algebrã L and use this to classify D-Lie algebras where L is projective as A-module. We define for any 2-cocycle f ∈ Z 2 (Der k (A), A) a functor F f α (−) from the category of A/k-Lie-Rinehart algebras to the category of D-Lie algebras and classify D-Lie algebras with projective canoncial quotient using the functor F f α (−). We prove a similar classification for non-abelian extensions of DLie algebras. We moreover classify maps of D-Lie algebras andL-connections (E, ρ) in the case when the canonical quotient L ofL is projective as A-module.
the pair (L,π) is an A/k-Lie-Rinehart algebra. There is a canonical central element D ∈L with the property that uc = cu +π(u)(c)D holds for u ∈L and c ∈ A. We may define the notion of a connection ρ :L → Diff 1 (E) where E is a left A-module. In the papers [7] and [8] general properties of the category of D-Lie algebras are introduced and studied: Universal enveloping algebras of D-Lie algebras, cohomology and homology of connections on D-Lie algebras. Let D-Lie denote the category of D-Lie algebras and morphisms. In [7] Theorem 3.5 and 3.18 we prove the following result: with the property that F 1 and F 2 preserves injective and projective objects.
We used the associative unital rings U ⊗ (L) and U ρ (L) to define the cohomology and homology of an arbitraryL-connection (E, ρ). By Lemma 3.19 in [7] there is for any 2-cocycle f ∈ H 2 (Der k (A), A) an exact equivalence of categories
preserving injective and projective objetcs. Here L is an A/k-Lie-Rinehart algebra and Conn(L) is the category of L-connections and morphisms of connections. Hence we may use the associative unital ring U ⊗ (L(f α )) to define the cohomology and homology of any L-connection, flat or non-flat. Using ψ f we get for any pair of L-connections V, W and any integer i ≥ 0 isomorphisms
Hence the associative ring U ⊗ (L(f α )) may be used to calculate the "true" Extgroups of V and W . Theorem 1.1 was one of the main reasons for the introduction of the notion D-Lie algebra.
Note: The category Conn(L) of connections on an A/k-Lie-Rinehart algebra L is a small abelian category, hence the Freyd-Mitchell full embedding theorem gives an equivalence φ of Conn(L) with a sub category of Mod(R) where R is an associative ring. The equivalence φ does not preserve injective and projective objects, hence we cannot use φ to define the cohomology and homology of a connection. Theorem 1.1 gives a geometric construction of cohomology and homology groups of anyL-and L-connection whereL is any D-Lie algebra and L is any A/k-Lie-Rinehart algebra. The construction is functorial and can be done for any scheme and any sheaf of Lie-Rinehart algebras.
The aim of this paper is to classify maps of D-Lie algebras. We also classify DLie algebras and non-abelian extensions of D-Lie algebras with projective canonical quotient in terms of a functor F f α introduced in [7] . Let (L, α) and (L ′ , α ′ ) be A/k-Lie-Rinehart algebras and let f, g ∈ Z 2 (Der k (A), A) be two 2-cocycles. Let F g (L) := L(g α ) and F f (L ′ ) := L ′ (f α ′ ) be the D-Lie algebras introduced in [7] , Theorem 2.7. In Theorem 2.3 we prove the following: In Theorem 3.9 we prove the following: There is an isomorphismL ∼ = L(f α ) as D-Lie algebras where L(f α ) := F f α (L) and F f α is the functor from Example 3.3. HenceL is uniquely determined up to isomorphism by the canonical quotient (L, α) and the 2-cocycle f ∈ H 2 (Der k (A), A).
In Corollary 3.10 we classify maps of D-Lie algebras between two D-Lie algebras L 1 andL 2 .
In Corollary 4.19 we get a classification of non-abelian extensions of D-Lie algebras in terms of the functor F f α .
In the paper we introduce the category of D-Lie algebras, connections on D-Lie algebras using the module of principal parts. This gives an equivalent definition of a D-Lie algebra to the one introduced in [7] . We prove in Theorem 4.18 that for anyL-connection (E, ρ) there is an extension of D-Lie algebras
with the property that 1.3.1 splits in the category of D-Lie algebras if and only if E has a flatL-connection ρ ′ :L → Diff 1 (E). Theorem 4.18 generalize a similar result proved in [8] for non-abelian extensions of A/k-Lie-Rinehart algebras.
Using the P-module structure on the D-Lie algebraL we define in Definition 4.6 the correspondence Z(ρ, σ 1 , σ 2 ) associated to a connection and degeneracy locies σ 1 and σ 2 . The correspondence Z(ρ, σ 1 , σ 2 ) induce an endomorphism
of the Chow-group CH * (X). The correspondence Z(ρ, σ 1 , σ 2 ) and Chow-operator I(ρ, σ 1 , σ 2 ) depend in a non-trivial way on the P-module structure ofL and Plinearity of theL-connection ρ and cannot be defined for an ordinary L-connection where (L, α) is an A/k-Lie-Rinehart algebra (see Example 4.3). There is no nontrivial right A-module structure on L.
We also prove in Theorem 4.14 the following result relating the category of connections on an A/k-Lie-Rinehart algebra L to the category of connections on the D-Lie algebra L(f α ):
be an A/k-Lie-Rinehart algebra and let f ∈ Z 2 (Der k (A), A) be a 2-cocycle. There is an equivalence of categories
and let e ∈ E. Let (E, ∇) be an L-connection and let ρ ∇ := C f (∇). The following holds:
Hence there is for any 2- 
. As a Corollary we are able to classifyL-connections on D-Lie algebras with projective canonical quotient. In Corollary 4.15 we prove the following:
, D) be a D-Lie algebra and let (E, ρ) be anLconnection. Assume the canonical quotient L ofL is a projective A-module. It follows anyL-connection (E, ρ) is on the form
Classification of morphisms of D-Lie algebras
Let in the following A be a fixed commutative k-algebra where k is a fixed commutative unital ring. Let f, g ∈ Z 2 (Der k (A), A) bw two 2-cocycles and consider the two k-Lie algebras D 1 (A, f) and D 1 (A, g). Let P := A ⊗ k A/I 2 be the first order module of principal parts of A/k. The k-Lie algebra D 1 (A, f) has the following left and right A-module structure:
c(a, x) := (ca, cx) and (a, x)c := (ac + x(c), cx)
and π f , π g are maps of P-modules and k-Lie algeras. We want to classify maps
of P-modules and k-Lie algebras such that
) be a map of P-modules and k-Lie algebras satisfying condition 2.0.1. It follows φ(a, x) = (a + φ 1 (x), x) where
is the first differential in the Lie-Rinehart complex of Der k (A). Hence the map φ exists if and only if g = f ∈ H 2 (Der k (A), A). If the map φ exists it is an isomorphism of P-modules and k-Lie algebras with inverse ψ :
) be a map of P-modules and k-Lie algebras satisfying 2.0.1 It follows for any (a, x) ∈ D 1 (A, g) we get
One checks the map φ is a map of k-Lie algebras if and only if g = f + d 1 (φ 1 ). The map φ in 2.1.1 is always a map of P-modules. Hence the map φ exists if and only if g = f ∈ H 2 (Der k (A), A). If φ exists, an inverse ψ is given by ψ(a, x) := (a − φ 1 (x), x). The Lemma follows.
= Az g ⊕L be the A/k-Lie-Rinehart algebra defined in [7] . It has the following k-Lie product:
There is a map
The map α induce a map of cohomology groups
of P-modules and k-Lie algebras with π • α g = π g if and only if there is an element
) which is a D-Lie algebra if and only if there is an equality of cohomology classes
Proof. By definition the map α g must look as follows:
where (a, x) ∈ L(g α ) and α 1 ∈ C 1 (L, A). One checks the map α g is a map of left P-modules. The map α g is a map of k-Lie algebras if and only if
The Lemma follows.
We may now classify maps between arbitrary D-Lie algebras. Let (L, α) and (L ′ , α ′ ) be A/k-Lie-Rinehart algebras and let f, g ∈ Z 2 (Der k (A), A) with
Hence there is by Lemma 2.2 a structure as
be the D-Lie algebras introduced in [7] , Theorem 2.7.
. In this case there is an equality between the set of maps of D-Lie algebras φ :
Proof. If there is an equality g α = f α it follows there is a map
where
Hence φ 2 is a map of A/k-Lie-Rinehart algebras. One checks the map φ is P-linear and a map of k-Lie algebras. Conversely, for an arbitrary map
) is a map of D-Lie algebras. The Theorem follows.
Classification of D-Lie algebras with projective canonical quotient
In this section we define the notion of a D-Lie algebra, the category of D-Lie algebras and connections on D-Lie algebras.
The module Diff 1 (A) of first order differential operators on a commutative kalgebra A is in a canonical way a k-Lie algebra and a left P-module where P := A⊗ k A/I 2 is the module of first order principal parts on A/k. By definition Diff 1 (A) := Hom A (P, A) and it follows Diff 1 (A) is in a canonical way a left and right A-module. There is a canonical projection map π : Diff 1 (A) → Der k (A) which is a map of kLie algebras and left P-modules. There is a canonical inclusion of left and right A-modules and k-Lie algebras Diff 1 (A) ⊆ End k (A) and the Lie product [, ] on Diff 1 (A) satisfies the following formula:
There is a canonical element D ∈ Diff 1 (A) with the property that Note: We may consider the A/k-Lie-Rinehart algebra Der k (A) ⊆ Diff 1 (A) and Der k (A) has a canonical structure as k-Lie algebra and left A-module. It has nonon-trivial right A-module structure. To get a non-trivial right A-module structure, we must consider the abelian extension Diff 1 (A) and this is one of the motivations for the introduction of the notion of a D-Lie algebra. The P-module structure on Diff 1 (A) is canonical and is related to the notion of curvature of a connection. Using the P-module structure onL we define the correspondence Z(ρ, σ 1 , σ 2 ) associated to a connection and degeneracy locies σ 1 and σ 2 . The correspondence Z(ρ, σ 1 , σ 2 ) induce an endomorphism
of the Chow-group CH * (X). The main Theorem in this section is Theorem 4.18 where we construct the nonabelian extension End(L, E) of anyL-connection (E, ρ) in Conn(L, Id), and prove the canonical projection map of D-Lie algebras 
, where F f α is the functor defined and studied in [7] .
Let in the following A be a fixed commutative unital k-algebra where k is a commutative unital ring. Let Der k (A) be the k-Lie algebra of k-linear derivations of A. Let f ∈ Z 2 (Der k (A), A) be a 2-cocycle and let D 1 (A, f) := A ⊕ Der k (A) with the following k-Lie algebra structure and A ⊗ k A-module structure:
Define for any element c ∈ A cu := (ca, cx) and uc := (ac + x(c), cx).
2 where I is the kernel of the multiplication map. It follows P is the first order module of principal parts of A/k. Let d : A → P be the universal derivation. Let p(a) := 1 ⊗ a and q(a) := a ⊗ 1. It follows
is a map of k-Lie algebras and left P-modules. The following holds for all u, v ∈ D 1 (A, f) and c ∈ A:
The element D is a central element with π(D) = 0.
One checks that for any element w ∈ I 2 it follows wu = 0 hence D 1 (A, f) is a left P-module. The map π is left and right A-linear. It follows π is a map of P-modules and k-Lie algebras. One checks Equation 3.1.1 and 3.1.2 holds and the Lemma is proved.
The notion of a D-Lie algebra is a generalization of the k-Lie algebra and left P-module D 1 (A, f) from Lemma 3.1. of P-modules and k-Lie algebras. The elementπ is a map
of left P-modules and k-Lie algebras withπ = π •α. The k-Lie product satisfies
for all u, v ∈L and a ∈ A. The following holds for all a ∈ A: It follows from Lemma 3.1 that the 5-tuple ( 
is independent of choice of representative for the class c := f α ∈ H 2 (L, A) the following holds: There is for any two representatives f, f
algebras. Hence the two functors F f and F f ′ are equal up to isomorphism. Hence we get from Theorem 2.7 in [7] a well defined functor F c for any cohomology class 
is the Lie-Rinehart complex of the flat connection (J,
Hence there is an equality of cohomology classes
Proof. One checks that ∇ s is a flat L-connection on J and that ψ ∈ Z 2 (L, (J, ∇ s )). Assume s ′ = s + ρ where ρ ∈ Hom A (L, J). We get for any element u ∈ L and x ∈ J the following:
since J is an abelian k-Lie algebra. It moreover follows We get since uc = cu the following:
Let z := (x, u), w := (y, v) ∈ J ⊕ L and define the following product: It follows ρ is an isomorphism of P-modules and k-Lie algebras. Define the map 
Let z := (aD, u) and
The Lie product on J ⊕ L is defined as follows:
if and only if
hence ρ is a map of k-Lie algebras if and only if
Hence ρ is a map of k-Lie algebras if and only if there is an isomorphism of D-Lie algebras
It follows there is an isomorphismL ∼ = L(f α ) of D-Lie algebras and the Theorem follows.
There is an equality between the set of maps of D-Lie algebras φ :L 1 →L 2 and the set of maps of A/k-Lie-Rinehart algebras
Proof. By Theorem 3.9 there are isomorphismsL i ∼ = L(f αi ) for i = 1, 2. It follows again from Theorem 3.9 that the set of maps of D-Lie algebras betweenL 1 and L 2 equal the set of maps of A/k-Lie-Rinehart algebras between L 1 and L 2 and the Corollary is proved. Let (L, α) be an A/k-Lie-Rinehart algebra and let f α ∈ Z 2 (L, A) be the 2-cocycle associated to a 2-cocycle f ∈ Z 2 (Der k (A), A). In [7] , Theorem 2.8 we constructed a functor
where 
where (L ′ , π L ′ ) is the canonical quotient ofL ′ . Hence we get a functor
Theorem 3.9 says that in the case when the canonical quotient L ofL is a projective
Classification of connections on D-Lie algebras with projective canonical quotient
In this section we classify connections on a D-Lie algebraL with projective canonical quotient (L, α). We prove in Theorem 4.14 there is a 2-cocycle f ∈ Z 2 (Der k (A), A) and an equivalence of categories
We use the equivalence C f in 4.0.1 to classify arbitraryL-connections in Corollary 4.15.
We also introduce the correspondence and Chow-operator of anL-connection (E, ρ).
Lemma 4.1. Let E be a left A-module and let Diff 1 (E) be the module of first order differential operators on E. It follows Diff 1 (E) is a left P-module and k-Lie algebra. There is a map ψ : Diff 2 it follows w∂ = 0 and it follows Diff 1 (E) is a left P-module. One checks the product
defines a k-Lie algebra structure on Diff 1 (E). The rest is trivial and the Lemma follows. of left P-modules. The curvature of a connection (ρ, E) is the map
Given twoL-connections (E, ρ E ) and (F, ρ F ), a map ofL-connections is a map of left A-modules φ : and we may associate to ρ several types of correspondences.
2 be the annihilator ideal of the element ρ. Let Z P (ρ) := V (I(ρ)) ⊆ Spec(P) be the correspondence of ρ By definition I(ρ) is the set of elements in x ∈ P with xρ = 0. The ideal I(ρ) gives rise to an ideal J(ρ) ⊆ A ⊗ k A containing the square of the diagonal I 2 . We get in a canonical way a correspondence Z(ρ) := V (J(ρ)) ⊆ Spec(A⊗ k A) := X ×X where X := Spec(A). Hence the connection ρ gives in a canonical way rise to a correspondence Z(ρ) on X.
The left P-module Diff 1 (E) is projective as left and right A-module when A is a regular ring of finite type over a field and E a finite rank projective A-module. Hence whenL is projective as left and right A-module it follows a connection
is a map of left and right A-modules that are projective as left and right A-modules. Hence a connection is a geometric object and we may use ρ to define a correspondence on X × X. For a classical connection
it is not immediate how to do this, since ∇ is a map of k-vector spaces and not A-modules. We may view an ordinary connection as an A-linear map
where L is an A/k-Lie-Rinehart algebra satisfying ∇(x)(ae) = a∇(x)(e) + x(a)e and it is not immediate how to define a correspondence from ∇.
We may associate to ρ the degeneracy locies D Locally the map ρ is a matrix M with coefficients in a commutative ring B and we may use minors of M of a given size to define an ideal in B associated to σ as done in [2] . It is possible to do this in a way that is intrinsic and does not depend of the choice of local trivialization of the map ρ. We get for any two σ 1 , σ 2 a correspondence
Hence we may associate different types of correspondences to the connection ρ. If X is smooth over k we get for each connection ρ and each correspondence Z(ρ, σ 1 , σ 2 ) an endomorphism
where p, q : X × X → X are the projection maps, CH * (X) is the Chow group of X and Z(ρ, σ 1 , σ 2 ) ∩ α) is the intersection product. We get a similar construction for any reasonable cohomology theory H(−) equipped with a cycle map. One would like to relate the correspondence Z(ρ, σ 1 , σ 2 ) and operation I(ρ, σ 1 , σ 2 ) to the Chern classes of (E, ρ). Assume γ : CH
is a cycle map and let α ∈ H * (X) be a cohomology class. we get an operator
Example 4.5. Algebraic cycles and the Gauss-Manin connection.
If H * (−) is a Weil cohomology theory, there are Lefschetz operators
defined for any i = 0, . . . , dim(X) and the operator Λ is conjectured to be induced by an algebraic cycle Z ⊆ X × k X. The cycle [Z] of the sub-scheme Z induce an operator
It has been conjectured that when X ⊆ P n k is a smooth projective variety over an algebraically closed field, the Lefschetz operator Λ is induced by an operator on the form I H (Z) for some closed sub-scheme Z ⊆ X × k X. One wants to construct non-trivial cycle classes β ∈ CH * (X × k X) and calculate the operator I H (β). The Chow group CH * (X × k X) is hard to calculate and there are no general formulas for it. One also wants a construction of all Weil-cohomology theories H(−). If one could realize a Weil cohomology theory H * (−) as the cohomology H * (L, −) of a D-Lie algebraL as defined in [7] , Definition 3.23, one could approach conjectures on algebraic cycles for smooth projective families of varieties. One has to develop the formalism of the Gauss-Manin connection for the cohomology theory H * (L, −) in the language of D-Lie algebras. In previous papers (see [6] ) I have delevoped a formalism aimed at making explicit calculations of such connections. If one could realize the action of Λ on a Weil cohomology H * (X) of the total space X of a smooth projective family π : X → S, as the action of ∇(x) where x is a vector field on S and ∇ the Gauss-Manin connection, this could be a first step in the direction of determining if Λ is induced by an algebraic cycle. The vector field x and the Gauss-Manin connection ∇ are algebraic objects, hence we would get an algebraic construction of Λ. Definition 4.6. Let Z(ρ, σ 1 , σ 2 ) be the correspondence of ρ of type (σ 1 , σ 2 ). Let I(ρ, σ 1 , σ 2 ) be the Chow-operator of ρ of type (σ 1 , σ 2 ).
When using the notion of a D-Lie algebraL, the derivation property of the connection ρ :L → Diff 1 (E) is encoded in the right A-linearity of the map ρ. Hence the correspondence Z(ρ, σ 1 , σ 2 ) encodes properties of the left A-linearity of the map ρ and the derivation property (the right A-linearity) of the map ρ. Hence the correspondence Z(ρ, σ 1 , σ 2 ) and the endomorphism I(ρ, σ 1 , σ 2 ) dependes on the connection ρ is a non-trivial way. It is not clear how to make a similar definition with connections on the form 4.4.1 and 4.4.2 depending in a non-trivial way on the derivation property of the connection. Hence in the case of an ordinary connection or a connection (E, ∇) on an A/k-Lie-Rinehart algebra L it is essential we work
if we want to define the correspondence and Chow-operator of (E, ∇). for all elements a ∈ A, u ∈L and e ∈ E. It follows ρ(D) ∈ End A (E). The curvature R ρ defines a map
Proof. Since ρ is P-linear it follows ρ is A ⊗ k A-linear. It follows ρ(au) = aρ(u) and ρ(ua) = ρ(u)a. We get
Since Da = aD it follows ρ(D) ∈ End A (E). The second statement holds since the
Hence the notion of anL-connection introduced in Definition 4.2 agrees with the notion introduced in the paper [7] . for all a ∈ A, e ∈ E and x ∈ L. Let Conn(L, End) denote the category of (L, ψ)-connections and morphisms. The endomorphism ψ may vary. Let Conn(L) denote the category of ordinary L-connections and morphisms of L-connections.
Recall the following construction: Let f ∈ Z 2 (Der k (A), A) be a 2-cocycle and let
, z) be the D-Lie algebra associated to L and f . Define the following map:
Let (F, ∇ ′ ) be an (L, ψ ′ )-connection with ψ ′ ∈ End A (E) and let φ : (E, ∇) → (F, ∇ ′ ) be a map of connections. Define the following map
Proof. The proof follows immediately from the constructions above.
Theorem 4.14. Let (L, α) be an A/k-Lie-Rinehart algebra and let f ∈ Z 2 (Der k (A), A) be a 2-cocycle. Lemma 4.13 gives an equivalence of categories
of left P-modules. Moreover for any map of (L, ψ)-connections φ : (E, ∇) → (F, ∇ ′ ) it follows the map C f (φ) :
is a map of L(f α )-connections with C f (φ • ψ) = C f (φ) • C f (ψ). By definition C f • R f = Id and R f • C f = Id and the first claim follows. The statement on the curvature follows from Lemma 2.20 in [7] . In particular given an L(f α )-connection (E, ρ) it follows (E, ρ) ∼ = C f (R f (E, ρ)) and R f (E, ρ) ∈ Conn(L, End). The Theorem follows.
We may classifyL-connections in terms of (L, ψ)-connections in the case when the canonical quotient L ofL is a projective A-module.
Corollary 4.15. Let (L,α,π, [, ] , D) be a D-Lie algebra and let (E, ρ) be anLconnection. Assume the canonical quotient L ofL is a projective A-module. It follows anyL-connection (E, ρ) is on the form C f (E, ∇) where f ∈ Z 2 (Der k (A), A) and (E, ∇) is an (L, ψ)-connection for some ψ ∈ End A (E). If ρ(D) = I it follows there is an L-connection (E, ∇) with C f (E, ∇) = (E, ρ).
Proof. By Theorem 3.9 there is an isomorphismL ∼ = L(f α ) for f ∈ Z 2 (Der k (A), A). The Corollary now follows from Theorem 4.14. 
